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INTRODUCTION
A pressure distribution moving over the calm-water surface will generate both a local disturbance around the distribution itself and a wave system which propagates behind it similar to those caused by a moving ship. Such a surface disturbance will obviously affect the pressure on the sea bottom to an extent depending on the shape and magnitude of the surface disturbance, its velocity, and the depth of water.
The velocity potential associated with a pressure distribution of arbitrary shape moving on the surface of a fluid of finite depth is given by Wehausen and Laitone 1 and, by using
Bernoulli's equation, the pressure can be found anywhere in the fluid. If, in particular, the surface distribution is restricted to a rectangular area of constant pressure and if the potential is evaluated on the sea bottom, the analysis is somewhat simplified. Nonetheless, the pressures on the bottom are given in the form of integrals which must be numerically approximated.
The necessary numerical analysis and computer programming have been carried out, and the results are presented herein.
Insofar as a moving rectangle of constant pressure is a reasonably good approximation to a ground-effect machine, the bottom pressures presented herein may be interpreted as those due to the passage of such a vehicle. A knowledge of these pressure variations is of interest in the study of pressure-activated mines. Such interest provided the motivation for this investigation.
MATHEMATICAL FORMULATION OF THE PROBLEM
Assume that a constant pressure p = po is distributed over a rectangle of length L and width B and that this pressure distribution is moving over the free surface of a fluid of depth 1 References are listed on page 16.
h at a steady speed c parallel to its length. It is required to find the dynamic pressure everyi where on the bottom and for all time. Since the motion is steady with respect to a coordinate system moving with the pressure distribution, the problem can be treated as being independent of time; thus (x, y, z) can be taken to be a right-handed coordinate system moving in space with speed c in the positive x direction. Alternatively, both the pressure distribution and the coordinate system can be taken as fixed in space and with a uniform stream moving with speed c in the negative x direction. In either case the origin of the coordinate system is located in the plane of the undisturbed free surface, the z-coordinate is taken to be positive up, and L B
the pressure distribution occupies the region xj <-, jyl < - (Figure 1 ). 2 2 For convenience the constant atmospheric pressure will be taken to be zero so that everywhere on the surface outside the rectangle p = 0.* With the usual assumptions of an inviscid, irrotational fluid there exists a velocity potential (D, whose positive gradient is equal to the fluid velocity vector; it can be written ( (x, y, z) = 0 (X, y, z) -cX where 9 (x, y, z) represents the perturbation potential. It will be further assumed that the disturbance on the surface is sufficiently small so that the problem can be linearized.
The potential 0 (x, y, z) must satisfy the following conditions (see Reference 1): where c is the forward speed of the pressure distribution (alternatively, c = speed of the free stream);
L B
po for IxI < -and lyj < -
g is the gravitational acceleration; and the subscripts designate partial differentiation.
*Note that there is no loss of generality provided the base pressure p 0 is defined relative to atmospheric pressure. 
SOLUTION OF THE PROBLEM
The potential satisfying the conditions outlined in the previous section is given 1 by
is the Froude number based on depth
and f means that the integral is to be interpreted as a Cauchy principal value.
If z is set equal to -h, and the integration with respect to (2, P) is carried out, then since L/2 IIIYIIY IYYIYIIYIIYIIIYIIYY IIYIIIIYIIY ii   Yiil  IIYIYII  f iffiflh   I II  z  Il  I  III  C  Ill  b  I  I  1 2 dy cos [k(y -J) sin 0] sin (k B/2 sin 6) cos (k y sin 6) k sin 0 it follows that Here p = B/L is the beam-length ratio ) = 2/L y and Ko(0) satisfies the equation
It should be noted that 11 and 12 are, respectively, even and odd functions of ( and that they both are even functions of q. Therefore since 
SHALLOW-WATER APPROXIMATION
The limiting value of the pressure ratio p/po as the depth approaches zero is referred to here as the shallow-water approximation. From Equation [2] it can be seen that if H -, 0, 
X-
Here sgn (x) = ± 1 according as a < 0, respectively. With the substitution q = X tan 0 it follows that 
NUMERICAL RESULTS
As stated before the integrals presented in Equation [2] can only be evaluated Table 1 shows the values of the remaining parameters pertinent to the various figures.
In order to give some dimensional concept to the figures one can assume the rectangle to be 100 feet long and 30 feet wide. With this configuration, Table 2 shows the dimensions equivalent to the parameters of Table 1 . Off the centerline, however, the pressure trace can still exhibit an oscillatory pattern due to the diverging wave system. Since the diverging waves are, in general, of shorter length than the transverse waves, the extent to which they affect the bottom pressure depends very C *Critical speed -largely on the depth of water. As can be seen from the figures, typical behavior of a supercritical speed, centerline pressure trace is a building up (from zero) of the pressure near the forepart of the rectangle, a falling off to a negative peak behind it, becoming positive again, and finally approaching zero asymptotically.
The data presented in Figure 11 is intended as a comparison with the shallow-water approximation. In this example y/L = 0, while the speed is held constant. The traces are for Froude numbers of 3, 5, 7, and 10. (Recall that in the shallow-water approximation H -, 0
while F -+ o.) As F increases the abrupt pressure jump at the bow and stern becomes more evident, as predicted in the shallow-water approximation. Also with increasing F the bottom pressure directly under the rectangle appears to be approaching the limiting value of one. 
APPENDIX A NUMERICAL EVALUATION OF 11 AND 12
With the exception of special cases, such as the shallow water approximation, the integrals 11 and 12 must be evaluated numerically. A FORTRAN program was written for this purpose, and a summary of the numerical analysis is presented here. For simplicity, and where the meaning is clear, the integrands of the integrals that follow will be omitted.
It was pointed out before that Ko(0) is the positive, real root of the transcendental 1 equation KH --
This root is obtained for each required value of 0 F 2 by means of the Newton-Raphson method. 2 Although the analysis pertaining to the integrals is similar in both cases it is somewhat more convenient to treat subcritical and supercritical speeds separately.
SUBCRITICAL SPEED (F < 1)
This is the simpler of the two cases, primarily because 0 0 = 0. For this reason together with the fact that the integrands of both I 1 and 12 are functions of cos 0, the 0 integrations lend themselves to the Tchebysheff quadrature 3 in the form,
In addition to the good accuracy associated with the Gaussian quadra-I 4n ture, it is especially advantageous for computer usage in that both the abscissae and (constant) weight functions can be readily derived within the program. It is used initially for 12 and the 0 integral of I 1 by setting n equal to 10. Then the integrals are reapproximated with n doubled. If the estimates are not sufficiently close as determined by a convergence criterion, n is redoubled, and the process is continued until convergence is obtained.
For each value 08 of the double integral 11 the root Ko is found and the integration on K is performed by first writing the infinite integral as the sum
and approximating each of the integrals in the series by a repeated application of the 10-point Gauss-Legendre quadrature; 3 that is, the range of integration of each integral is repeatedly
isubdivided, and the quadrature is applied to each subdivision until convergence is obtained.,
The series (of integrals) is terminated when the ratio of the absolute value of any one integral to the absolute value of the sum of terms up to that integral is sufficiently small. The first term in the series involves the calculation of a principal value integral but since an even order (10 point) quadrature is used in which the abscissae are symmetric about (but do not include) K 0 o, the singularity there can be ignored. 4 SUPERCRITICAL SPEED (F > 1)
The significant differences when F > 1 are that 00 = cos-1 ( and there is a logarithmic singularity at 0 = 00 in the integral 11 . Because of these the Tchebysheff quadrature is not applicable and the 10-point Gauss-Legendre quadrature is used.
The integral 12 is approximated by the same method described previously, namely, subdividing the range (00, n/ 2 ) of integration and applying the quadrature over each subdivision, the number of such subdivisions being whatever is necessary to obtain convergence.
The integral 11 is written as the sum
where 00 00 111 = dO dK, and 0 0
In both 11 and 112 the 0 integral is approximated by usi,ng the Gauss-Legendre quadrature in combination with the 10-point Gaussian quadrature for integrals with a logarithmic singularity. 5
The integral is approximated in the same way as 12, except that the Gauss-Legendre quadrature is used over all the subintervals except the one including 00 for which the logarithm quadrature is used.
The K integral of 112 is calculated exactly as in the subcritical case. However, for
Ill it can be readily seen that there is no non-zero root of the transcendental equation and the integrand is well behaved. For this case the integral is written in the same infinite series as before and is approximated exactly the way as for subcritical speed with the exception that Ko = 0.
By the requirement that sufficiently close estimates or of convergence be obtained, a relative error of less than 1 percent is typically implied. 
ABSTRACT
The dynamic pressure on the sea bottom due to a constant, rectangular pressure distribution moving at a steady speed over the calm-water surface is determined. The problem is formulated and solved within the framework of potential-flow, linear-wave theory. Numerical results are presented for one beam-to-length ratio, for various water depths, and for both subcritical and supercritical speeds.
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